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Long Range 
FI u c t  uat io ns 

Order and Thermal 
in Liquid Crystals 

P. G. DE GENNES 
Laboratoire de Physique des Solidest 
Facult6 des Sciences 
91 - Orsay, France 

Abstract-Some recent applications of the Oseen-Zocher-Frank elastic 
theory of nematic and cholesteric liquid crystals are reviewed. 

(1) The effects of a static magnetic field H are calculated in detail. In 
particular, for a cholesteric system, the spiral structure is distorted by the 
field and the period increases with H ,  up to a critical field H ,  at which a 
nematic phase is expected. H ,  is inversely proportional to the pitch of the 
unperturbed helix, and should be observable in systems with long periods. 
A cholesteric --f nematic transition of this type has in fact been qualitatively 
observed. 

(2) The optical striations which are observed when a cholesteric liquid 
is inserted in a region of variable thickness have been shown by Can0 to 
correspond to discontinuities of the torsion. The transition region between 
regions of different pitch has been analyzed in terms of a " disclination 
line " normal to the helical axis. 

(3) In  a nematic liquid crystal the long wavelength thermal fluctuations 
of orientation can be analyzed from macroscopic elastic considerations : 
these large fluctuations are responsible for the strong scattering and de- 
polarization of light measured by ChLtelain. The angular dependence of the 
scattering intensity can thus be explained without any assumption on 
" swarms ". 

1. Introduction 

The statistical properties of liquid crystals at the molecular level 
(e.g. short range order as measured by X-rays) are not well under- 
stood. On the other hand, the properties on a larger scale ( lo3 A 
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326 MOLECULAR CRYSTALS A N D  L I Q U I D  CRYSTALS 

and above) may be analyzed without ambiguity in terms of a 
continuum theory, of which slightly different variants have been 
constructed by Oseenl, Zocher2 and Frank.3 This macroscopic 
description is ideally suited for a study of possible distortions of a 
liquid crystal structure. Such distortions may occur in very 
different contexts: 

(a) they may be induced by weak external forces : in practice, 
the most satisfactory external agent is a magnetic field H.4 

Orientation under a field H is one efficient way of preparing nematic 
single crystals. There is in general a competition between the 
orientation imposed by the walls of the container and the orienta- 
tion imposed by the field. The latter dominates if the sample 
dimensions are longer than a certain coherence length ( ( H )  (in- 
versely proportional to H ) .  This notion emerged very early from 
experiments by Frederiks5 and is rederived for completeness in 
Section 2. We also discuss in Section 2 the effect of a field H on a 
cholesteric material and the remarkable phase transitions which 
may occur there. 

(b) Distortions may also be imposed by suitable boundary 
conditions, with oriented walls. In  Section 3, we analyze such a 
case, namely the so-called " Grandjean planes " observed in 
cholesteric crystals included in a slab of variable thickness.6 We 
suggest that they correspond in fact not to planes, but to " dis- 
clination lines " according to Frank's termin~logy.~ 

We 
compute their amplitude in Section 4, and find that it is very 
large for long (optical) spatial wavelengths. The result is a very 
strong scattering and depolarization of light, which is indeed 
observed.' 

Before entering into these detailed discussions, we shall rewrite 
the basic equations of the continuum the0ry,l>~.3 for nematic and 
cholesteric crystals. At each point r, the preferred axis of the 
liquid is described by a unit vector, or " director " n(r). It is 
assumed that the molecular dipoles show no ferroelectricity : n and 
-n are fully equivalent states. For a nematic crystal, the most 
general form of the distortion free energy (per cm3), is then : 

(c) Spontaneous distortions are due to thermal agitation. 
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LONG RANGE ORDER A N D  THERMAL FLUCTUATIONS 327 

p, = +{Kll(div n)z + Kz2(n.curl n)' + K33(n x curl n)2 

+ K2*[(a,n,)(a,nu) - (a,n,)(%n,)l> (1.1) 

Here K = x,y,z, a, 3 a/i?x,, and a summation is implied on each 
repeated index. As first noted by Eriksen3 an integration by 
parts shows that K~~ does not contribute to the volume energies. 
Thus (leaving aside the question of boundary conditions, to which 
we shall come ta2k in Section 2.1), we may omit K~~ completely, 
and write : 

F ,  = &[Kll(div n)2 + K z z ( n .  curl n)2 + K33(n x curl n)z] (1.2) 

To this distortion energy we have to add a nematic term de- 
scribing the effects of the magnetic field H .  If the susceptibilities 
x ,, (for H 1 I n) and xL (for H normal to n)  are different, there is a 
coupling term : 

where xa = x H  - xI.xa is a susceptibility per unit volume, and 
may be positive or negative depending on the shape of the con- 
stituent molecules (xa is positive for cigar-shaped diamagnetic 
ellipsoids, and negative for " pancake " ellipsoids). Each of the 
three constants K~~ is of order kBTcla where kBTc is a typical 
intermolecular interaction energy, and a is a molecular diameter. 

How does the structure (1.2) change for cholesteric systems? 
It may be worthwhile to point out at this stage that spiral struc- 
tures might occur in two very different situations : 

(a) with molecules which are not optically active, spirals are 
still allowed on symmetry grounds: in magnetic materials the 
interactions are parity-invariant, but spirals do occur (they grow 
right- or left-handed a t  random). A plot energy versus spiral 
wave vector q = a8/az for such a case is symmetric but, as shown on 
Fig. la,  it  may show minima a t  non 0 q's. However, calculations 
on magnetic systems8 suggest that such minima occur only if the 
forces between next nearest neighbor molecules are important. 
This is not expected to happen with the Van der Waals forces of 
interest here, and in fact we do not know of any existing examples 
of this type. 

Fm*g = - !fXa(n*H)2 (1.3) 
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328 M O L E C U L A R  CRYSTALS A N D  LIQUID C R Y S T A L S  

Figure 1. Plot of energy versus spiral wave vector for two possible types of 
cholesterics: Fig. la  corresponds to  molecules which coincide with their 
mirror image. Spiral structures could occur in this case if forces between 
second neighbor molecules were important. Fig. l b  corresponds to the 
usual case, where the constituent molecules are optically active. 

(b) with optically active constituents, the plot of energy versus 
q becomes asymmetric as shown on Fig. 1b and the minimum is 
necessarily shifted to some non 0 value of q (q = qo).  Since the 
differences between the right- and left-handed species are often 
rather small, qo is small on the molecular scale (qoa < I) .  This 
allows to apply the macroscopic description of Eq. (1.2) even for 
wave vectors comparable to qo. 

I n  these conditions, the distortion free energy becomes 

Po = + [ K ~ ~  (div n)2 + ~ ~ ~ ( n -  curl n + qo)2 + K g & n  x curl n)2] (1.4) 
(cholesteric) 

Minimizing the overall free energy 

3 = dT(P0 + Fmag) 

with the constraint n2 = 1, one can write down the bulk equili- 
brium equations. We shall do this directly on the examples to be 
discussed below. These equations must be supplemented by 
boundary conditions : 

(a) if the wall is a single crystal, the interface being a simple 
crystallographic plane (a cleavage plane), there will be one (or a t  
most a few equivalent) preferred directions of n at  the surface, 
with respect to the crystal axes. 
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LONG RANGE ORDER A N D  THERMAL FLUCTUATIONS 329 

(b) with less ideal surfaces the situation is in general complex. 
The most reproducible boundary conditions are obtained by the 
polishing method of Chhtelain.’ I n  this case n, at the surface, 
must be parallel to the polishing direction. 

(c) a t  a liquid crystal-air interface, the only quantity which is 
fixed is the angle B between n and the interface. The boundary 
cmdition may be of the form B = 0, or B = n12 (or even 8 = 8,, 
although there does not seem to be clear cut examples of this case). 

We shall now discuss some specific applications of these notions. 

2. Magnetic Field Effects 

1. ALIGNMENT BY A FIELD IN A NEMATIC SYSTEM 
Consider a nematic crystal occupying the half space x > 0 as 

shown on Fig. 2a. The wall (in the yz plane) imposes a preferred 
direction f Oz. We assume that the anisotropic part of the 
susceptibility xo = x u  - xI is positive and we put a magnetic 
field in the y direction. Far from the wall n will certainly become 
parallel to H. But near the wall there is a transition layer, in 
which n undergoes a torsion : 

n, = cos+(x) 

nz = sin+(z) 

The free energy 9 (per cm2 of the wall) is, according 

Minimizing this with respect to  # we obtain the equilibrium 
condition 

(2.3) az+ 
ax 

- + sin # cos + = 0 

where we have introduced a “coherence length’‘ t2 by the 
equation D
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330 MOLECULAR C R Y S T A L S  A N D  LIQUID C R Y S T A L S  

Z 

(b) 

Figure 2. Conformations of a nematic crystal in the vicinity of a uniaxially 
polished wall. The orientation far in the liquid is imposed by a magnetic 
field, while the orientation at  the boundary is imposed by the wall. The 
transition between these two limits takes place in one " coherence length " 
f ( H ) .  Case (a) corresponds to pure torsion, while case (b) is a mixture of 
flexion and splay. 

Typically both K~~ and xa are of order 10-6 CGS units and 5, is of 
order one micron for a field of lo4 oerstedts. Eq. (2.3) is readily 
integrated to give 

tan($/2) = exp( - X / t A  (2.5) 

This shows that 5, is the thickness of the transition layer : when 
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L O N G  R A N G E  O R D E R  A N D  T H E R M A L  F L U C T U A T I O N S  331 

the sample is much thicker than t2, most of the volume is aligned 
in the field direction. 

We have assumed in this calculation that n remained strictly 
parallel to Oz at  the surface, even in the presence of the field: 
this is not entirely obvious, and will be discussed now. The 
torque (per unit area) which one part of the fluid (say x > xo) 
exerts on the other (x < xo) is [ K ~ ~  &$/as]xo and is of order 
K 2 / f Z 2  N kBTc/af2. On the other hand, if the boundary is for instance 
an ideal cleavage plane, the torque (per cmz) which wodd be 
required to pull n out of its preferred direction is of atomic size, 
i.e. of order kBTcla2. Thus the assumption of fixed n a t  the surface 
is valid in this case, provided that ,fz > a. (The case of a glass 
wall polished by Chktelain’s method is less obvious, since little 
is known concerning the size of the surface patterns produced 
by polishing.) 

Similar considerations on the alignment by a field can be 
carried out for other geometries, such as that of Fig 2b where the 
transition layer carries a deformation which is a combination of 

J 
__* 

H 

H <  H, H > Hc 

Figure 3. The two possible configurations of a nematic system under a 
field in the geometry of Frederiks.6 The molecules at both boundaries are 
assumed to he normal to the slab. 
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332 MOLECULAR CRYSTALS A N D  L I Q U I D  CRYSTALS 

“ flexion ” and “ splay ” in Frank’s n ~ t a t i o n . ~  The calculation 
is more complex since two elastic constants ( K ~ ~  and K33) come into 
play.2 The geometry considered by Frederiks5 is also shown on 
Fig 3. Here, at a certain threshold field H,,  there is a transition 
between two configurations .5a 

But in all these cases we can qualitatively describe the situation 
by a coherence length 

where K is some average of the elastic constants. For instance in 
the Frederiks experiment the critical field H ,  is such that 
Z(HJ = ad where d is the slab thickness and a a numerical 
constant : this results from purely dimensional analysis, and is in 
agreement with the experimental data. We shall also in Section 4 
study the role played by the coherence length in the spontaneous 
fluctuations of a nematic structure under fields. 

2. DISTORTION OF A CHOLESTERIC STRUCTURE BY A FIELD H 

The effects of a magnetic field on a cholesteric liquid crystal 
depend critically on the sign of the susceptibility constant 
Xa = Xu - XI. 

(a) If xa is negative, the director n tends to lie normal to H. 
This is realized without any energy expense if the wave vector a. 
of the cholesteric spiral becomes parallel to H. Thus, when 
xa < 0, the field may serve to produce monodomain spirals, but it 
introduces no distortion of the structure. 

(b) If xa is positive, n tends to be parallel to H. This situation 
offers more possibilities ; i t  is discussed in ref. 9 and 10. Clearly 
in low fields the spiral is essentially undistorted, but tends to 
have its axis normal to N (Fig. 4a). At higher fields the spiral is 
deformed (Fig. 4b, c). The change of pitch with field is shown on 
Fig. 5. Finally, one reaches a nematic structure a t  a critical 
field : D
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LONG R A N G E  O R D E R  AND T H E R M A L  F L U C T U A T I O N S  333 

H = O  1 1 1  

H T H ,  I/{ 
Figure 4. Configuration of a cholesteric liquid crystal under magnetic 
fields, when xII - xI > 0 (conical structures neglected). (Perspective view.) 

Figure 5. 
disclination lines (normal to the figure) of rank 1 (after Frank’). 

(Note that a t  H = H,,  the coherence length is comparable to the 
pitch n/qo of the 0 field spiral.) Typical values of H ,  may be in 
the 100 koe range, but H ,  may be decreased by a suitable choice of 
qo (small po or large pitch). 

The plot of free energy vs H has no discontinuity in slope at 

Two dimensional distortions in nematic crystals, leading to 
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334 MOLECULAR C R Y S T A L S  A N D  L I Q U I D  C R Y S T A L S  

H = Hc.  However i t  should be emphasized that a t  H = H, ,  
the nematic configuration is still stable with respect to all small 
amplitude deformations. The situation is reminiscent of a ferro- 
magnetic ellipsoid in decreasing fields : when the demagnetization 
field balances exactly the external field, the completely aligned 
state is still completely stable with respect to spin waves (for a 
non 0 anisotropy field), but it is unstable with respect to Bloch 
walls (i.e. large amplitude deformations). In  fact the structure 
shown on Fig. 4c for H just below H ,  has some similarity with a 
Bloch wall. 

One further complication has been pointed out by Meyerll: 
when the elastic constants1satisfy a certain inequality : 

K22 7r2 

K33 4 
->- 

a conical structure becomes stable a t  intermediate field values. 
This corresponds to : 

n, = sin 8 cos(qz) 

n, = sin 8 sin@) 

n, = cos 8 

when z is an axis parallel to H, and 8 is space independent. 
When condition (2.8) is satisfied, we expect the following suc- 
cession of phases (in increasing fields) : 

distorted spiral c, conical f-, nematic 
(axis I H )  (axis 1 1  H) 

If condition (2.8) is not satisfied, we have the simpler scheme: 

distorted spiral c, nematic. 

Experimental data on magnetic field effects in cholesteric 
crystals are few in number, but at least one cholesteric material 
becomes nematic under high fields (in the lOOkoe range).12 
Clearly, i t  would be of interest to follow the transition by optical 
methods, measuring the pitch of the distorted spiral, etc.’& 
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LONG R A N Q E  ORDER A N D  THERMAL FLUCTUATIONS 335 

3. OPTICAL STRIATIONS IN SMALL ANGLE CHOLESTERIC PRISMS 
Possible discontinuities in the field n(r) have been discussed by 

Frank,3 under the denomination of disclination lines ”. Typical 
cases considered by Frank are shown on Fig. 5. I n  the present 
section we wish to call attention on another class of disclination 
lines, occuring with cholesteric crystals under specific boundary 
conditions : the active material is inserted between two glass 
plates making a small angle (Fig. 6 ) .  The two plates are uni- 

fi I I I 

Figure 6. Conformation of cholesteric spirals in a small angle wedge. On 
the limiting planes, the molecular axis has an imposed direction, normal to 
the plane of the figure. The optical rotation for beams parallel to the spiral 
axis shows discontinuities at the locations marked by dotted lines. 

axially polished and impose a fixed direction for n a t  their 
contact. When observed with an optical beam roughly normal 
to the plates, the liquid crystal exhibits, a.t the polarizing micro- 
scope, a succession of strips with different transmissions, the 
strips being separated by very sharp boundaries. 

Forty-five years ago, G. Friedell3 suggested that these boun- 
daries correspond to discontinuities of the torsion in the cholesteric 
spiral. This has been proven in details by the optical studies of 
Cano.14 On one side of the discontinuity the director n makes for 
instance half-turn between the two plates, while on the other 
side it makes a full turn, as shown on Fig. 6 .  How does the 
transition take place between the two types of behavior? There 
seem to be two possible answers : 

(a) A sheet of discontinuity extending all the way from one 
plate to  the other. This corresponds more or less to  Cano’s 
interpretation of his re~u1ts. l~ 

Y 
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336 MOLECULAR CRYSTALS A N D  L I Q U I D  CRYSTALS 

I 
Figure 7. Possible structure of the molecular alignment near one dis- 
continuity. The disclination line is normal to the plane of the figure. 
Molecules just above (below) the line make an angle of + 45" ( - 45') with 
the plane of the figure. 

(b) A line of discontinuity, parallel to the plates and lying 
halfway between them.l5 Comparison with similar problems in 
other branches of physics (vortices in helium, dislocations . . .) 
suggest that the line solution is energetically less expensive. One 
structure for such a postulated line is shown on Fig. 7. The 
vector n is constantly in the plane of the plates :15a 

(3.1) 

n, = cos +(x, z )  

n, = sin +(z, z )  

n, = 0 

where Oz is the direction normal to the plates (in the transition 
region we may neglect completely the small angle E between 
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them). The angle 4 defining the local direction of the director is a 
smooth function of x and z, except on the singular line (x = z = 0). 
In  the vicinity of the line we have : 

4 = const + q~ +Q tan-I(z\x) ( 3 . 2 )  

Eq. (3 .2)  in this simplified form is correct only when the three 
elastic constants are equal, but the general structure remains 
valid in all cases.$ The line corresponds to x = 0, z = 0 (i.e., 
coincides with the y axis). The discontinuity in 4 appears most 
clearly if we move in the mid-plane of the slab (the xy plane). 
I n  the region x > 0, on one side of the line, 4 = 0 (dropping the 
constant term in Eq. ( 3 . 2 ) ) .  On the other side (x < 0) another 
determination of the tan-l function comes into play, and 
9 = * 7~12.  More generally, in three dimensional space, if we 
follow an arbitrary closed path encircling once the y axis, we 
find that 4 is increased (or decreased) by r r .  The director n(r) 
is thus a double valued function of r, with two opposite deter- 
minations: but since n and - n are physically equivalent the 
state a t  point r is still defined unambiguously. The increment 
I A+ 1 = rr is the smallest (non zero) value satisfying this require- 
ment, and  corresponds to  a disclination line of rank 1 in Frank’s 
classification.3 

On the molecular scale, the line will have a core, of size com- 
parable to the molecular diameter a ; this core cannot be detected 
directly with an optical microscope: this explains why the 
discontinuities observed by Cano14 are so sharp. 

this configuration with a small angle prism 
between polished plates allows to produce disclination lines in a 
strictly controlled fashion. A number of experiments on the 
interactions and motions of these lines should be fea~ib1e. l~~ Also, 
to  study the core, one might add a droplet of soluble dye in the 
slab: the dye should diffuse more rapidly along the cores, and 
this could be followed optically. 

The main effect of unequal elastic constants is to give a line energy 
which becomes dependent on the angle between the line and the preferred 
direction imposed by polishing of the plates. 

* 

TO conclude: 
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4. Thermal Fluctuations of the Orientation 

1. FLUCTUATIONS AND CORRELATIONS IN A NEMATIC CRYSTAL 
We restrict our attention to long wavelength fluctuations of the 

orientation in a nematic single crystal.le The average orientation 
of the crystal (defined by a director no, parallel to the z axis) 
may be imposed either by contact with uniaxially polished walls, 
or by a magnetic field H ,  parallel to Oz (assuming that xu > 0). 
The fluctuations are described by small, non-zero components 
n&), n,,(r). To second order in n, and n, the free energy defined 
in Eqs. (1.2), (1.3) becomes: 

+ K~~ [ r$)2 + r$)2] + XuH2(ni + ni) } (4.1) 

It is convenient to analyze n, and n, in Fourier components, 
clehed by 

n,(k) = Jdr n,(r) eik-' , etc. . . . (4.2) 

In terms of these Fourier components F becomes 

where 52 is the sample volume. For a given k, it is convenient to 
diagonalize the quadratic form in Eq. (4.2) by a suitable choice of 
axes (Fig. 8). We introduce for each k two unit vectors e,  and 
e,; el is normal to k and to no; e2 is normal to no and to el. 
In  terms of these vectors we may write k = nOkz +elk,. The 
component of n(k)  along e, will be written n,(k). Then we obtain D

ow
nl

oa
de

d 
by

 [
T

om
sk

 S
ta

te
 U

ni
ve

rs
ity

 o
f 

C
on

tr
ol

 S
ys

te
m

s 
an

d 
R

ad
io

] 
at

 0
6:

19
 1

7 
Fe

br
ua

ry
 2

01
3 



LONG RANGE ORDER A N D  THERMAL FLUCTUATIONS 339 

Z 

kz  

"0 

= I  k, 

Figure 8. Definition of the unit vectors e, and e, which specify the fluctua- 
tion modes of given wave vector k in a nematic crystal aligned along z. 

I n  Eq. (4.4) the various degrees of freedom n,(k) are decoupled. 
simply from We can now derive the thermal average of I n,(k) I 

the equipartition theorem 

(The equipartition theorem holds only in the classical limit, 
namely when h , ( k )  < kBT, where w,(k) is a characteristic fre- 
quency for the mode (a, k). A detailed analysis of the motionsl' 
shows that this requirement is satisfied when both the wavelength 
2xlk and the magnetic coherence length 5 are much larger than a, 
i.e. when we are in the range of validity of the continuum model.) 

It is of interest to derive first from Eq. (4.5) the spatial de- 
pendence of the correlation functions between vaIues of n 
measured a t  two different points r and r'. This calculation is 
particularly simple and illuminating when all elastic constants 
are equal K~~ = K~~ = K~~ = K. In  this case we may write D
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Eq. (4.7) supplements our discussion of section 1 on the signifi- 
cance of the coherence length [ : we see that 5 is the range of the 
correlation of n. When the magnetic field tend to 0, the correla- 
tion becomes a slowly decreasing function of R (namely R-1). 
I n  the more realistic case where the three constants K~~ are 
different, the correlation functions can also be written down, but 
they become more complex. In  all cases, however, the qualitative 
conclusions drawn above remain valid. 

2. SCATTERMG OF LIGHT BY THERMAL FLUCTUATIONS 
The propagation of light is sensitive to fluctuations in the 

dielectric tensor z. Neglecting all magne-ptic effects, and 
assuming that the medium has no natural optical activity, the 
most general form for 2 at a given point r is 

r(r) = Z + c,(n : n - 1/3) 
A 

(4.8) 

Thus Z is modulated by the fluctuations of n. The density 
fluctuations in the liquid may also play a r81e (they modulate both 
Z and c,). But we shall see that the fluctuations of n are in fact 
the dominant effect. 

Consider an ingoing beam of wave vector k,, polarization 
vector i, frequency w ,  and an outgoing beam (kl, f, w’ 2 w ) .  The 
analysis is particularly simple if Z, < since in this case both 
beams can be considered to propagate in an isotropic medium. 
Thus in all that follows we assume E, -=g E.  

Then the differential cross section (Td for scattering from k, to k, 
is given by : 

ud = ~ r ~ h x - ~  ( I f - z(k) - i l2  > (4.9) 

where h is the wavelength in the vacuum ( A  = (2nC)/w) and 
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k = k, - k is the scattering vector. c (k)  is the Fourier transform 
of ;(r) defined as in Eq. (4.2) (with this definition ud is proportional 
to the volume of scattering material). A derivation of Eq. (4.9) 
is given in the appendix. 

We now restrict our attention to the contributions in :(k) 
which are due to the fluctuations of n. Let us write 

n = no + Sn 

where Sn has the components (n2, n,, 0).  We expand the aniso- 
tropic part of 2 in powers of Sn. The terms of order 0 are space 
independent and do not contribute to  the Fourier transform for 
k + 0. The terms of first order yield: 

f - ;(k) - i = c,(Sn(k) - i(k, * f )  + (6n(k) - f)(n, i) 

For a given k we analyse 6n in terms of the two unit vectors 
el e2 defined above Sn = n,el + n2e2. The average square ampli- 
tudes of n,(k) and n,(k) have been computed (Eq. (4.5)) and 
there are no cross terms between n1 and n,. This leads to a 
differential cross section (per unit volume) 

2 = (e)252-1 ( I nl(k) l2  ) ( iJz  + i,f1), 
52 4nC2 

Let us discuss first the order of magnitude of this cross section. 
Consider a case where all elastic constants are equal and H = 0. 
Then from Eq. (4.5) we find 

(4.11) 

We shall compare this with the cross section d d  for scattering by 
density fluctuations. A local dilatation e(r) has similar effects 
on g and E ~ :  for simplicity we shall take into account only the 
modulation of Z 

E(r) = q, + €'e(r) (4.12) 
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The corresponding cross section, derived from Eq. (4.11), is 

(4.13) 

To derive the thermal average ( IO(k) I 2 ,  we use the com- 
pressional free energy TC in the form 

(4.14) 

where U-l  is an isothermal compressibility. 
Applying the equipartition theorem (which is correct for the 

long wavelengths under consideration) we find a k independent 
result : 

(f i)2 kBT (4.15) (lO(k) 1 2 )  = Qu kBT 2 = (s2) 
For an order of magnitude estimate we may put E' - 1 and 

Then, 
comparing (4.11) and (4.15) we see that 
- 1. Also K - Uu2 where a is a molecular diameter. 

Since k-l is an optical wavelength (or even larger if we consider 
small angle scattering), u d  is considerably larger than u:: the 
fluctuations of n dominate the scattering behavior. This observa- 
tion explains the apparent turbidity of nematic single crystals, as 
compared to isotropic liquids. The difference in polarization 
factors between (4.10) and (4.15) also explains why the scattered 
light is strongly depolarized.' 

Let us now turn to a discussion of the information which can be 
obtained from detailed scattering measurements. Usually 
absolute values of cross sections are not measured; but, by a 
suitable choice of the scattering geometry, one can extract from 
the data the thermal averages ( I n,(k) 1 ) 2, except for a con- 
stant scde factor : 
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(a) For experiments in 0 magnetic field, we expect from 
Eq. (4.5) that  ( I n,(k) 1 ) be inversely proportional t o  
K 3 3 k t  + K , , k t .  This leads to a very strong scattering a t  small 
angles (where k + 0). This analytic dependence appears to be in 
reasonable agreement with the data of ChBtelain.16 Comparing 
data at different values k, and k, one should be able to extract 
the ratios Kqa/K33 .  

(b) With a strong field H ,  the fluctuations ( I n,(k) l z )  
become inversely proportional to ~ ~ ~ k z  + K,&: + xaH2.  The 
scattering intensity a t  small angles is reduced. If xa is measured 
by a separate experiment, it is now possible to measure the three 
elastic constants directly. It is greatly to be hoped that such 
experiments will be carried out in the near future. 

In  practice, there is one slight complication due to the fact that 
is not necessarily small in comparison with ; : the light beams 

propagate in a uniaxial medium, and all intensity formula must 
be accordingly refined. But, independently of these technical 
details, it is clear that light scattering studies will play an im- 
portant role for the determination of elastic coefficients in nematic 
(or cholesteric) materials. 

Another interesting possibility is to  analyze the frequency 
spectrum of the outgoing light, for a very monochromatic (laser) 
source: from this one can extract detailed informations on 
coupled rotational and hydrodynamic motions in liquid crystals. 
The basic equations of motion for this problem have been laid 
down by Eriksenl* and Le~1ie.l~ The resulting motions for n,(k) 
are strongly damped 0scillations.~7 Experimental measurements 
of the power spectrum of n,(k) should allow for a clear cut determin- 
ation of the viscosity and coupling parameters in liquid crystals. 
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Appendix 

DERIVATION OF EQ. (4.7) 

dipole P oscillating at the frequency o, and located at  point r : 
The starting point is the formula for radiation emission by a 

fLJ2 
E(r') = ,,,eiklRP,(r) R = r' - r 

where P, is the component of P normal to the direction of ob- 
servation. We write that the dipoles P are due to the ingoing 
field 

Ei,(r) = ieik..r 

47r 

The outgoing field Eout is obtained by an integration over the 
scattering volume 52 

(where R is assumed to be large, and all constant phase factors 
have been omitted). W7e introduced the scattering wave vector 
k = k, -k and project Eout on the polarization direction f 
(f is normal to kL). The scattering amplitude is the coefficient 
of 1/R in this expression and the differential cross section ad is 
the thermal average of the squared amplitude 

= [XI' ( I f . :(k) . i I ) 
47rc2 

(the term - 1 in Ê  - 1 drops out for k + 0) .  
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